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Abstract 
Thermally induced errors on machine tools are one of the most important error sources in precision machining. Up to 75% of the overall 
geometrical errors on workpieces are caused by thermal errors of the machine tool [1]. Thermo-elastic FE-analysis of larger machine tool 
structures results in complex models requiring a lot of computation time. Reducing the computation time is essential for design optimization as 
well as for control-integrated correction of thermal deformation. This work shows how a complex thermo-elastic FE model of a machine tool 
assembly can be reduced to a compact time-saving thermo-elastic calculation model. Application of the method introduced in this paper brings 
a computation time reduction by the order of 1:1000 with practically negligible loss of accuracy. This method will be verified on a frame 
assembly of a milling machine. 
© 2016 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the International Scientific Committee of 7th HPC 2016 in the person of the Conference Chair Prof. 
Matthias Putz. 
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1. Introduction 
Modern machine tools represent highly complex 
production systems. Time variant and spatially 
inhomogeneous temperature fields due to thermo-mechanical 
properties of machine structures lead to deformations and thus 
to a thermal caused displacement of the Tool Center Point 
(TCP). 
Simulation of the deformations mentioned above is an 
important task [1] in the design process. Furthermore, one can 
use a rapid, i.e. in a so-called thermal real time, calculation of 
deformation for the purpose of control-integrated error 
correction during the operation phase [2, 3]. 
In the design phase the Finite Elements Method (FEM) has 
established as a tool for mechanical and thermal simulations 
and is extensively imbedded into the CAE process. However, 
thermo-elastic FE analysis of larger structure assemblies 
results in high dimensional models with many thousands of 
Degrees of Freedom (DoF). Therefore, application of the 
original FE-models without any simplifications in variant 
calculations with many simulation runs or for model-based 
control-integrated correction is very time-consuming and thus 
impractical. 
The Model Order Reduction Methods (MOR) offer an 
efficient possibility to create small-dimensional calculation 
time-saving models with good approximation properties 
directly from the FE model. 
In this paper an efficient continuous approach from CAD 
geometry to computation of thermal induced structure 
deformations of a machine tool assembly is described and 
compared with conventional procedure regarding accuracy, 
DoF number, memory requirements and computation time. 
2. Theoretical Foundations 
2.1. Problem Statement 
Mathematic model of thermo-elastic problem consists of 
two parts: mechanical and thermal. Since significantly higher 
lying natural frequencies of structure dynamics, as a rule, are 
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not excited by relatively slow thermal processes, only effects 
of static deformation must be respected during purely thermo-
elastic computation of the machine tool. Therefore, the 
mechanical subtask after discretization by means of FEM 
results in the algebraic equation: 
TKFxK xT   ,                                                               (1) 
with displacement and temperature vectors x and T ,
mechanical and thermal stiffness matrices K  and xTK , and 
static load vector F . Obviously, elastic problem (1) consists 
of superposition of the static temperature independent 
deformation equation FxK stat    and of the thermal caused 
part TKxK xTtherm   .Since only thermal induced 
deformation is further of our interest, only the second part of 
elasticity equation will be considered for non-steady thermo-
elastic calculation. Complicated by means of FEM discretized 
heat conduction equation, it gives a problem description as 
differential-algebraic equations (DAE) system: 
QTKTC
TKxK
TT
xT
 
 
 ,                                                               (2) 
whereby TC  and TK  are capacity and conductivity matrices, 
and Q  is thermal load vector. 
2.2. Input-Output Representation 
Preliminary to MOR method described in the next 
subsection, transformation of (2) into a state space 
presentation is carried out. Taking into account the two main 
boundary condition (BC) mechanisms of heat transfer - 
defined heat flow (commonly Neumann BC) and generalized 
convection (commonly Robin BC), one can state the second 
equation of (2) more precisely: 
)()()()()( 212 tTMtqMtTMKtTC TT f    ,               
(3) 
whereby vectors )(tq  and )(tTf  represent the nodewise 
charged to the model thermal load parameters as heat flow 
density and environmental temperature.  
In a first step, equation (3) is brought to an explicite form 
with a system matrix )( 2
1 MKCA TT  

)()()()( 21 tTMtqMtTAtT f  .                                  (4) 
In the next step, the right part of (4) is factorised, namely 
in a time-independent control matrix B , which contains 
information about the loads positions, and in time-dependent 
vector )(tu , which describes the model load values as an input 
information. In detail, the procedure is as follows. 
During the charging of an FE model with loads, these are 
usually not defined for each node explicitly, but for the set of 
nodes jI , ,k,j 1 , e.g. area related. The number of 
different load definitions is generally much smaller than the 
dimension of the FE model. By order of time variant, but 
spatially constant load value parameters as luu ,,1   for heat 
flow densities and kl uu ,,1   for ambient temperatures, 
vectors )(tq  and )(tTf  can be presented as follows: 
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Thereby vectors TjNjj bbb ),,( 1  are defined as follows: 
jji Iib  nodesif,1 ; 0  else. 
For the right part of the equation (4), after insertion of the 
above formulas we obtain the desired factorising: 
)()(],[)()( 221121 tuBtuBMBMtTMtqM    f .           (5) 
In the last transformation step the output system 
information is being processed. A measurement matrix C  is 
introduced, which mediates all temperatures and important 
output values y :
)()( tTCty T  .                                                                    (6) 
Output values )(tyi  can represent temperatures as well as 
displacements (with xT
T KKC  1 ) in selected points (e.g. 
in TCP). 
Through transformation steps (4), (5) and (6) one comes 
from a classic form (2) of thermo-elastic problem to a so-
called Input-Output (IO) form:
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System (7) represents a thermo-elastic DAE system in a 
so-called state space representation. Temperature vector T
plays in the system (7) a role of the state vector. The system 
dimension is defined by the number of state variables N .
2.3. Model Order Reduction 
The basic idea of the method is the approximation of the 
original state vector by means of its projection in a suitable 
subspace [4]. 
Let  },...,{ 1 nn vvspanȀ  ъN be the subspace with 
Nn   and ),...,( 1 nvv  its orthonormal basis. The matrix 
],...,[ 1 nn vvV  is called the transformation matrix. After 
insertion of the approximation 
nnn vTvTTV ˆˆˆ 11                                                              (8) 
into the original IO system (7), and later multiplication by the 
orthogonal matrix TnV , the reduced system results in: 
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In this equation Tˆ  is the vector of the generalized 
coordinates related to the decomposition of T  according to 
the basis of the projection subspace nK , and n
T
n VAVA  ˆ ,
BVB Tn  ˆ , CVC
T
n  ˆ  are the reduced forms of the original 
matrices. The equation (8) provides instructions to 
retransform the reduced temperature vector Tˆ  to the full 
temperature vector of the original FE model. 
The structure of the original system (7) is explicitly 
preserved with the reduced system (9). However, the reduced 
model has in comparison to the original FE model a much 
smaller dimension and can be calculated much faster. The 
quality of the method is determined by the accuracy of the 
approximation of original output signals iy  by output signals 
iyˆ  of the reduced system. 
The procedure of generating the suitable projection 
subspace nK  or the transformation matrix nV  is the core of 
the MOR method. 
2.4. Construction of Krylov Projection Subspace nK  
The IO system (7) can be expressed equivalently as 
follows: 
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where kbb ,,1   are the column vectors of the Matrix B . The 
k  first equations of (10) are subsystems of „single input 
signal“ type, and can each be handled by means of the classic 
Arnoldi process [5]. 
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Thus, for each input signal its own reduced partial model with 
dimension Nn   is generated. The superposition of output 
signal vectors iy  of the partial models provides the 
approximation of the original models output signal vector y .
There are further alternatives to the approach for 
constructive development of Krylov subspace for systems 
with multiple input given above. One of them is the so-called 
Block Arnoldi procedure.
3. Practical Implementation 
3.1. Description of Test Problem 
For results demonstration, a milling machine column will
be thermo-elastically simulated in a conventional manner by 
means of ANSYS Workbench as well as using an alternative 
MOR solution scheme. 
Fig. 1. CAD and FE model of a milling machine column 
The column is loaded with three types of thermal boundary 
conditions: defined tempering (the installation area and the 
right side of the column), convection (time-variable, with 
consideration of air stratification), and friction-dependent 
power loss in the area of the guidances (also time and 
position-variable). The guidance is split into 15 equidistant 
segments, so that a heat flow can be introduced separately 
through each segment. Thus, it is possible to simulate the 
frictional heat resulting from the movement of the guide shoes 
along the linear guidances depending on process parameters
(position, velocity, etc.) as a movable heat source.  
The thermal loads define a total of 20 input signals of the 
original FE model (7) ( 151 ,, uu   – heat flow densities through 
the friction surfaces of the guidances segments; 16u  and 17u –
constant temperatures of the column’s right side and of the 
base respectively; and 18u  to 20u  – temperature in the lower, 
middle and upper air layer). 
 Mechanical boundary conditions are given through a rigid 
fixation of the column in the field of installation area. 
The thermo-elastic state (temperature and deformation 
field) of the column over the operating interval of 16h is 
sought. 
3.2. Simulation by means of ANSYS WB and with involvement 
of MOR Method 
ANSYS WB is one of the most known and used FE 
systems amongst others also applied for thermal and thermo-
elastic simulations of dynamic processes. 
Unfortunately, proportionality of time expenses to the 
model DoF number is a serious disadvantage of the FE 
computations, especially for dynamic systems [6]. Therefore, 
such a mesh is aimed, which provides, on the one hand, the 
satisfaction of criteria by the calculation accuracy, and, on the 
other hand, the mesh must have as less nodes as possible. In 
this paper a fine, non-optimized mesh of the FE model is 
used, so that, on the one hand, a mesh giving high accuracy of 
the reference solution can be generated as prompt as possible, 
and, on the other hand, the advantage of an alternative 
simulation approach not depending on the original FE model 
DoF number can be demonstrated. 
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Fig. 2. Temperature profile in three points on machine column. 
Calculation procedure with the reduced model is 
implemented in MATLAB with the same settings as by the 
conventional ANSYS computation.  
For data transfer between ANSYS and MATLAB, a data 
interface has been developed. This interface permits export of 
the system matrices of the thermo-elastic FE model (2) 
generated in ANSYS to MATLAB and import of the fields 
(temperature and/or deformation) calculated in MATLAB by 
means of reduced rapid model back into ANSYS. 
3.3. Comparison of Conventional Simulation to MOR Scheme 
The temperature calculation results of the model reduced with 
MOR correspond to the results of the reference FE solution 
almost completely. The maximal deviation amounts to 0.6%. 
The temperature development in three points of the machine 
column are mapped in figure 2. 
The accuracy deviation of the deformation field between 
unreduced and reduced variants accounts for the relevant 
deformations by an average 0.4% and maximum 4.4%. 
Thereby the maximal displacements are located in the upper 
area of the left guidance (s. fig. 3). 
Table 1 compiles the statements concerning model 
dimension, calculation time and memory requirements. 
Table 1. Performance of the unreduced and reduced models in comparison. 
 ANSYS WB MOR-FEM Scheme 
DoF 16,626 100 
Memory costs [Mb] 1.2 14 
Simulation time [s] 18,300 18 
Memory costs of the reduced variant are higher than of the 
unreduced variant, because beside the system matrices of the 
reduced partial model, the transformation matrices for the 
retransformation must also be stored. 
Fig. 3. Displacement development in the point of maximal deflection. 
4. Summary and Outlook 
The MOR methods offer an effective opportunity to 
generate a compact, computation time-saving model with 
good approximation properties directly from the FE model. 
Application of the FE model, especially in non-steady 
computations, requires, as a rule, geometry simplification and 
mesh optimization. However, when exploiting the MOR-FEM 
scheme, the reduced model with DoF number much smaller 
than the original FE model’s DoF number is used for 
calculation. As a consequence, the mostly manual operations 
of geometry simplification, as well as the mesh optimization, 
no longer play an important role and can, under certain 
circumstances, even be omitted, if an appropriate automatic 
FE meshing tool is available. 
Transformation and retransformation of computation 
results between original and reduced models, as well as the 
MOR process can also be automated. Thus, the scheme of the 
MOR application can be understood as a special MOR solver 
in the ordinary workflow of the FE simulation. 
Improved MOR methods not only permit to preserve the 
structure of the original model, but in some cases also 
explicitely preserve the model’s parameters. Thus, 
nonlinearities in the original system, which consist, as a rule, 
in the boundary conditions (e.g. radiation) or in the 
multiplicative parameters (e.g. heat transfer coefficients), can 
also be accessible in compact MOR models. 
Separately reduction of the machine tool components and 
linking them together by means of mechanical and thermal 
boundary conditions to the network model permits to 
effectively, promptly and with a high precision simulate the 
thermo-elastic behaviour of the entire machine tool in motion 
[6]. 
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